One of the main sources of gravitational waves for the ground-based detectors, as well as for the future space-based detectors, are extreme mass ratio inspirals (EMRIs). While the final waveforms for these sources will be produced using numerical relativity, it would be advantageous, from a data analysis point of view, to have analytical models to these waveforms. This will allow us to generate faster templates and thus carry out a more efficient search for gravitational waves. Presently, the number of available template families continues to grow. It is therefore important that we begin to categorize templates according to their strengths. To this end, we look at the Cauchy convergence of both Post-Newtonian (T-approximant) and re-summed PN (Papproximant) templates for the case of a test-mass orbiting a Kerr black hole along a circular equatorial orbit. In previous works, it has been shown that we achieve greater fitting factors and better parameter estimation using the P-approximant templates. In this work, we show that these templates also display a faster Cauchy convergence making them a superior template.
Introduction
Stellar mass compact binaries consisting of double neutron stars (NS), double black holes (BH) or a mixed binary consisting of a neutron star and a black hole, are the primary targets for a direct first detection of gravitational waves (GW) by interferometric detectors, LIGO [1] , VIRGO [2] , GEO600 [3] , and TAMA [4] . Under radiation reaction the orbit of a binary slowly decays, emitting a signal whose amplitude and frequency increases with time and is termed a "chirp" signal. While it is believed that there is a greater population of NS-NS binaries [5, 6, 7, 8, 9] , it is the BH-BH binaries that are the strongest candidates for detection since they can be seen from a greater volume, about two orders-of-magnitude greater than NS-NS binaries [5, 10] .
Matched filtering
In order to detect such sources one employs the method of matched filtering [11] . Briefly, the method works as follows: Firstly, one creates a set of waveforms, or templates as they are called, that depend on a number of parameters of the source and its location and orientation relative to the detector. These templates are then cross-correlated with the detector output weighted by the inverse of the noise spectral density. If a signal, whose parameters are close to one of the template waveforms, is actually present in the detector output then the cross-correlation builds up, with the dominant contribution coming from frequencies where the noise spectral density is low. Thus, in the presence of a sufficiently strong signal the correlation will be much larger than the root-meansquared (RMS) correlation in the absence of any signal. How large should it be before we can be confident about the presence of a signal depends on the combination of the rate of inspiral events and the false alarm probability (see e.g. Ref. [12] for a simple estimation).
The effectiveness of matched filtering depends on how well the phase evolution of the waveform is known. Even tiny instantaneous differences, as low as one part in 10 3 in the phase of the true signal that might be present in the detector output and the template that is used to dig it out, could lead to a cumulative difference of several radians since one integrates over several hundreds to several thousands of cycles. In view of improving the signal-to-noise ratio for inspiral events, there has been a world-wide effort in accurately computing the dynamics of a compact binary and the waveform it emits or to use phenomenologically defined detection template families [13, 14, 15 ].
Phasing of the coalescing binary signal
There have been parallel efforts on using two different approximation schemes: on the one hand the post-Newtonian (PN) expansion of Einstein's equations has been used to treat the dynamics of two bodies of comparable masses with and without spin, in orbit around each other. This approximation is applicable when the velocities involved in the system are small but there is no restriction on the ratio of the masses [16, 17, 18, 19, 20, 21, 22] . On the other hand, black hole perturbation theory has been used to compute the dynamics of a test particle in orbit around a spin-less or spinning black hole. Black hole perturbation theory does not make any assumptions on the velocity of the components, but is valid only in the limit when the mass of one of the bodies is much less than the other [23, 24, 25, 26, 27, 28] .
The post-Newtonian approximation is a perturbative method which expands the equations of motion, binding energy and GW flux as a power series in v/c, where v is a typical velocity in the system and c is the speed of light. In the early stages of an inspiral, the radiation reaction time-scale τ RR ∼ ω/ω, where ω is the angular velocity andω its time-derivative, is much greater than the orbital time-scale τ orb ∼ 1/ω. It is during this adiabatic regime that the post-Newtonian approximation works best. At present, the PN expansion for the case of comparable-masses is known to order O (v 6 ) [21] and O (v 7 ) [22] , for the energy and flux functions, respectively. In order to see how well PN theory performs, we can compare two different systems. If we assume a NS-NS binary of masses (1.4, 1.4) M ⊙ and a lower frequency cutoff of the detector at 40 Hz, then the "orbital velocity" of the binary is small, v ∼ 0.12, ‡ when it enters the detector bandwidth and the two stars are still largely separated, r ∼ 70 M. The ratio of time-scales in the most sensitive regime of the detector is in the range 4.5 × 10 3 ≤ τ RR /τ orb ≤ 680. If on the other hand we take a BH-BH binary of masses (10, 10) M ⊙ , the orbital velocity is quite large, v ∼ 0.23, and the separation is quite small, r ∼ 19 M, upon entering the detector bandwidth. This is very close to the regime, v ∼ 0.3, r ∼ 11M, where the background curvature becomes strong and the motion relativistic. Once again, comparing time-scales, we obtain 140 ≤ τ RR /τ orb ≤ 40, where the final value is taken at the last stable orbit at f LSO ∼ 210 Hz. It is known that PN theory becomes inaccurate at an orbital separation of r ≤ 10 M [29] . Therefore, post-Newtonian approximation becomes less valid for higher mass systems in the LIGO band but accurately describes the early stages of the inspiral of a NS-NS system visible in LIGO.
As previously stated, black hole perturbation theory makes no assumptions about the orbital velocity of the components, but does restrict their masses. One assumes that a test particle of mass µ is in orbit about a central BH of mass M such that µ ≪ M. Assuming this restriction is satisfied we have an analytical expression for the energy. However, no analytical expression has been worked out for the gravitational wave flux emitted by such a system. Using black hole perturbation theory, a series approximation was initially calculated to O (v 3 ) by Poisson for a test particle in circular orbit around a Schwarzschild black hole [23] . The series was extended numerically to O (v 5 ) by Cutler et al. [24] , and then to O (v 8 ) by Tagoshi and Nakamura [25] and confirmed analytically by Tagoshi and Sasaki [27] . The most recent progress is an extension of the series to O (v 11 ) by Tagoshi, Tanaka and Sasaki [28] . For a test particle in circular orbit about a Kerr black hole, the initial progress was again made by Poisson [30] . The series ‡ We shall work in a system of units in which the speed of light and Newton's gravitational constant are both set equal to unity: c = G = 1. approximation was improved from O (v 3 ) to O (v 5 ), and subsequently to O (v 8 ) , by Tagoshi, Tanaka, Shibata and Sasaki [31, 32] .
Several authors [28, 33, 34, 35, 36] have shown that the convergence of both post-Newtonian approximation and black hole perturbation theory is too slow to be useful in constructing accurate templates. More recently, Damour, Iyer and Sathyaprakash (hereafter DIS) showed for the case of a test-mass in orbit about a Schwarzschild BH, that by using properly defined energy and flux functions that have better analytical properties, combined with Padé techniques, it was possible to take the existing series expansion and improve its convergence properties [36] . The new approximation in which Padé approximants of new energy and flux functions are used to derive improved templates is called P-approximant. Using a fiducially defined "exact" waveform, it was shown that the P-approximant templates were both more effectual (i.e. larger overlaps with the exact waveform) and faithful (i.e. larger overlaps with the exact waveform and lower biases in the estimation of parameters) than the corresponding post-Newtonian (hereafter T-approximant) templates. While in general, more templates are needed for P-approximant templates to cover the same volume of parameter space [37] , the extra computational cost is preferred for the increased performance in P-approximants. The failure of the PN expansion to converge sufficiently quickly in the case of a test particle orbiting a Schwarzschild BH [38] does not bode well for the modelling of even a test particle inspiralling into a Kerr BH. Another motivation for this work is that at present there is effort to useeffective one body (EOB) waveforms [39, 40] to detect the inspiral and merger signals from two comparable-mass Kerr BHs in GW data. As the EOB waveforms are based partially on P-approximants, any development and concretization of the benefits of P-approximant templates will boost our confidence in using these improved waveforms as detection templates.
Most recently, the DIS analysis was extended to the case of a test mass orbiting a Kerr BH [41] . It was shown that for these systems, both the T and P-approximants achieved excellent fitting factors up to a central BH spin of q = 0.75. For spins greater than this, the P-approximants continued to achieve fitting factors of ≥ 0.99, while the T-approximants fell off to ∼ 0.85. The failure of the T-approximants was further compounded by the facts that the flux function went to zero before the last stable orbit (LSO) was reached which shortened the possible length of the template, and in general one obtains very large biases in the estimation of parameters.
Organization of the paper
In this paper we extend the P-approximant technique to the case of examining the Cauchy convergence of a test particle orbiting a Kerr black hole. We begin in Section 2 with a summary of matched filtering and examining the power spectral density (PSD) curves for the third generation of Advanced LIGO and VIRGO interferometers. We use third generation interferometers to insure that some of the extreme retrograde systems contain enough cycles to give valid results for the Cauchy convergence. This is simply not possible using first generation interferometers due to the fact that for some of the extreme retrograde orbits the LSO is reached just as the signal comes into the detector bandwidth. This would provide spurious convergence information.
We then go on in Section 3 to discuss the current up-to-date understanding of the evolution of a test particle in orbit around a Kerr black hole. In particular, we shall discuss the time-evolution of the orbital energy and gravitational wave flux as a function of the spin of the central black hole at various post-Newtonian orders, and the locations of the last stable and unstable circular orbits. We know from past works that the post-Newtonian expansion of the flux does not show a regular behaviour as we move from low to high orders in the post-Newtonian expansion, becoming worse for more rapidly spinning black holes. In order to improve the convergence properties of the flux function, in Section 3.2 we shall introduce a modified form of the flux function and its Padé approximant. We shall demonstrate in Section 4 the improved behaviour of the P-approximants by showing that the Cauchy convergence gets closer to unity, as we increase the order of approximation.. We shall use a number of different test systems in our comparison: These will range from systems with very dissimilar masses, such as a NS-BH binary of (100, 1.4) M ⊙ , to more comparable-mass systems, such as a BH-NS binary of (10, 1.4) M ⊙ .
Waveform and Effective Noise Curves.
In this Section we will discuss the nature of the post-Newtonian waveform from an inspiralling compact binary and the response of an antenna to such a signal. We will then use the Fourier transform of the waveform to compute the signal-to-noise ratio (SNR) that can be achieved for these signals when they are detected using matched filtering.
The Waveform
In the transverse-traceless gauge, gravitational waves are represented by two polarization amplitudes h + and h × . The response h(t) of an antenna to an incoming signal is expressed as a combination of the two polarization states and the beam pattern functions F + and F × of the antenna as [42] : h(t) = h + F + + F × h × . For a wave from a binary of masses m 1 and m 2 (total mass M = m 1 + m 2 and mass ratio η = m 1 m 2 /M 2 ) that is inclined with respect to the plane of the sky at an angle i, propagating in the direction (θ,φ), (see Ref. [42] for exact definitions), frequency F and polarization angleψ with respect to the antenna, the polarization amplitudes, in the so-called restricted post-Newtonian approximation [33] , are
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with v F = (πMF ) 1/3 a velocity parameter, and the beam-pattern functions are F + θ,φ,ψ = 1 2 1 + cos 2 θ cos 2φ cos 2ψ − cos θ sin 2φ sin 2ψ,
F × θ,φ,ψ = 1 2 1 + cos 2 θ cos 2φ sin 2ψ + cos θ sin 2φ cos 2ψ.
Using the above expressions for the beam-pattern functions and gravitational wave amplitudes the response takes the form
where the amplitude coefficient C and phase φ 0 can be assumed to be constant for signals lasting for a short duration (say, less than about 30 mins):
Thus, gravitational wave antennas are not able to extract the two polarizations separately and the data analysis problem boils down to matching the time-varying phase φ(t), and to a lesser extent the amplitude v 2 F , of the antenna response function. Post-Newtonian theory and the quadrupole formula applied to a binary give the relativistic binding energy E(v F ) per unit mass, and the flux of the waves F (v F ) as series expansions in the parameter v F . Once we have the binding energy and the flux we can use the energy balance argument, namely that the flux of gravitational waves is completely balanced by the negative rate of change of the binding energy
, in order to arrive at a parametrized equation for the evolution of the phase φ(t) of gravitational waves. Integrating the energy balance equation supplemented by 2πF = dφ/dt, one obtains:
where
The numerical integration of the above equations is more economical when the following differential equations are solved instead
The parametric representation, Eqs. (8) and (9), of the phasing formula φ = φ(t) holds under the assumption of 'adiabatic inspiral', i.e., that gravitational radiation damping can be treated as an adiabatic perturbation of a circular motion. However, the effective one-body approach [39, 40, 43, 44] has allowed a treatment of the radiation damping to proceed beyond the adiabatic approximation. In order to extract an inspiral signal that may be buried in noisy data by the method of matched filtering, we need to employ post-Newtonian accurate representations for the two functions E ′ (v F ) and F (v F ) that appear in the above phasing formulas. Given an approximant (8) and (9), one can define some approximate parametric representation,
, and therefore a corresponding approximate template
obtained by replacing v F , in the following v F -parametric representation of the waveform
by the function of time
There are several ways of performing this inversion which leads to the different T- (8) and (9) as it is and solve the integrals numerically], TaylorT2 [re-expand the rational polynomial as a post-Newtonian series, truncate terms to the appropriate order and solve the integrals analytically to get series expansions, t = k t k v k F and φ = k φ k v k F , but solve numerically for φ(t) from the parametric equations] and TaylorT3 [do as in TaylorT2 but also invert the series expansions to obtain the phasing as an explicit function of time:
as discussed in Ref. [43] .
It is often convenient to deal with the Fourier representation of the waveform. In the stationary phase approximation the Fourier transform, defined ash(f ) = ∞ −∞ h(t) exp(2πif t)dt, for positive frequencies reads [42, 45, 46, 47] 
and, since h(t) is real,h(−f ) =h * (f ). Here t f is the stationary point of the phase ψ (i.e., t f is defined by dψ/dt| t f = 0), v f = (πMf ) 1/3 ,Ḟ is the time-derivative of the instantaneous gravitational wave frequency evaluated at the stationary point given by,
and
is the phase of the Fourier transform in the stationary phase approximation given by
Instead of solving the integrals in the above equation it is numerically efficient to solve the following equivalent differential equations for the phasing formula in the Fourier domain:
And in this study we have used the above differential equations in computing the waveforms. For the energy we have used the exact analytical formula (see next Section);
for the flux we have used the exact numerical flux to define the exact waveform and the perturbative expansions, or their re-summed improved versions, to define the approximate waveforms.
Effective Noise Curves.
In Figure 1 we have plotted the effective noise h = f S h (f ) for the first and third generation detectors. We can see from the plot that as well as the increased sensitivity, the main advantage of the third generation interferometers is the improvement in the lower frequency cutoff, f low , of the detectors. We will assume in this study that the third generation detectors have f low = 20 Hz. For initial LIGO, the one-sided noise power spectral density (PSD) from the design study [1] is given by [47] S
where x ≡ f /f k , and f k = 150 Hz is the "knee-frequency" of the detector. We take the PSD to be infinite below the lower frequency cutoff of f low = 40 Hz. For the VIRGO detector the PSD is given by
where f k = 500 Hz and f low = 20 Hz. For the third generation EURO detector the design curve is given by
where f k = 1000 Hz and f low = 10 Hz. And finally, for Advanced LIGO we use
where x = f /f k , f k = 215 Hz and f low = 20 Hz. Next, let us define the scalar product of two waveforms h and g by
where the * denotes complex conjugate andh(f ),g(f ) are the Fourier transforms of h(t), g(t). We can see that the inverse of the PSD acts as a weight in the definition of the scalar product.
Gravitational Binding Energy and Flux Functions
We can see from Eqs. (8) and (9) that the phase of the gravitational wave depends both on the energy and flux functions of the binary system. In the test-mass case, that is when one of the masses is far smaller than the other (4η ≪ 1) so that the dynamics is governed entirely by the Kerr geometry of the massive body, we have an exact expression for the energy E(x), but only a series representation for the flux F (x). In the comparable-mass case, wherein one cannot neglect the perturbation caused by the companion, both functions are represented only by post-Newtonian expansion. The standard approximants for E(v) and F (v) are simply their successive Taylor approximants E Tn and F Tn , respectively. The gravitational wave signal constructed using these Taylor approximants are called T-approximant signals or waveforms, or simply T-approximants. It was shown in Ref [36] that the convergence properties of both the energy and flux functions can be improved by using Padé approximation of well-defined energy and flux functions. Damour, Iyer and Sathyaprakash followed a two-pronged approach to construct improved energy and flux functions [36] : Starting from the more basic energytype and flux-type functions, e(v) and l(v), Ref. [36] constructs Padé-type approximants, say e Pn , l Pn , of the "basic" functions e(v), l(v). One can then compute the required energy and flux functions entering the phasing formula. In this study we will restrict ourselves to the test mass approximation and, therefore, employ the exact energy function. However, in the same approximation the flux function has been computed analytically only as a Taylor series although numerically the flux has been computed exactly. The reasons for constructing a new flux function are the following: Firstly, it is well known, in the Schwarzschild case, that a simple pole exists at r = 3 M [23] in the expression for the flux. We might, therefore, expect that a similar pole exists in the Kerr case. A Taylor approximant of the flux function will never produce a pole while the equivalent Padé approximant, which is essentially a rational polynomial, will have a pole. Although it is well known that Padé approximants have the ability to model functions which are subject to singularities [48, 49] , it is not guaranteed that the rational polynomial will reproduce the exact pole. Secondly, it is often possible to recover from the divergence § of a Taylor series by using Padé approximation. Again, one cannot be certain that the resulting Padé approximant, even when it converges, will be closer to being exact than any of the Taylor approximants, but experience with the test mass approximation in the Schwarzschild case render some optimism to this expectation.
We create a Padé approximation of a truncated power series of an analytic function containing n terms by equating it to a rational function, such that the rational function when expanded as a power series and truncated to order n coincides with the original power series. More precisely, Padé approximation can be thought of as an operator P N M § The divergence referred to here is the behaviour of the successive orders of the Taylor expansion of the flux which might not converge as we go to higher orders. that acts on a polynomial n k=0 a k v k to define a rational function
such that the number N + M + 1 of coefficients in the rational polynomial on the right hand side is the same as the number n + 1 of Taylor coefficients on the left hand side. By setting N = M + ǫ with ǫ = 0, 1, we can define two types of Padé approximants: these are the super-diagonal, P M +ǫ M , and sub-diagonal, P M M +ǫ , approximants. Normally, the sub-diagonal approximants are preferred over super-diagonal approximants. This is because when M = N + ǫ the right hand side of Equation (22) can be re-expanded as a continued fraction which have the property that as we go to each new order of the power series only one new coefficient needs to be calculated. Conversely, with the super-diagonal approximants, we would have to re-calculate all the A's and B's in the above equation as we go to higher orders in the Taylor expansion. This means that the sub-diagonal Padé approximants are more stable and if we see a trend of convergence in the coefficients the addition of a term is not likely to spoil this convergence.
The Orbital Energy.
In the case of both Schwarzschild and Kerr black holes, we have an exact expression for the orbital energy of a test particle in a circular orbit around the parent black hole. For a black hole of mass M, the energy E in terms of the dimensionless magnitude of velocity v ≡ M/r, r being the radial coordinate in the Boyer-Lindquist coordinates, takes the form [50] 
where q is a dimensionless spin parameter given in terms of the spin angular momentum J of the black hole by q ≡ J/M 2 ≡ a/M, with a denoting the spin angular momentum per unit mass in the Kerr metric. It is actually the derivative of the orbital energy that appears in the phasing formula given by:
where a prime denotes a derivative with respect to the velocity parameter v.
For black holes with spin, the positions of the last stable circular orbit is a function of the spin parameter q. In order to find the position of the last stable circular orbit we take E ′ (v, q) = 0 which gives [50] :
The + (−) sign on r LSO corresponds to prograde (retrograde) orbits. Now the position of the last unstable circular orbit or "photon ring" occurs where the energy function exhibits a pole. Thus, the photon orbit is found by solving a cubic equation. Of the three poles, the physically relevant pole is given by [50, 51] r ± pr (q) = 2 M 1 + cos
where once again the different signs define a prograde (retrograde) orbit. In the limit of q → 1, both r LSO and r pr move towards the horizon of the black hole,
In the maximally rotating case of q = 1, we cannot distinguish between the last stable orbit and the light ring. This means the greater the spin of the BH, the closer the particle can approach to it before beginning the plunge phase. On the other hand, in the limit q → −1, the position of r LSO moves outward from the BH. Thus the particle begins its plunge much earlier than in the prograde case. Finally, for a particle in an orbit about a Schwarzschild black hole, the above equations give the familiar position of r = 6 M for the LSO and r = 3 M for the photon ring.
The Flux Function
As discussed in the Introduction, it has not been possible to derive an exact analytical expression for the flux of gravitational waves emitted by a binary system although analytic approximate expressions, and exact numerical results, have been computed.
In the interesting case of two comparable masses in orbit around each other post-Newtonian methods have been used to derive an expression for the flux to quite a high order in the expansion parameter. However, since post-Newtonian theory is known to be poorly convergent, especially when the expansion parameter approaches unity, it has been suggested to employ in its place an equivalent rational polynomial, or Padé approximation, to the (modified) flux function. Since the purpose of this paper is to test the effectiveness of such an approximation, we need a firm ground on which we can conduct our test.
In the case of a test mass in an equatorial orbit around a Kerr black hole, numerical methods have been used to compute the flux to all post-Newtonian orders. This is, of course, valid only in the limit of a vanishingly small mass of the test body as compared to the central object. However, all the relativistic corrections, including hereditary effects, such as the back scattering of gravitational waves off the curved background geometry, would be present in this computation. The deformation of the geometry due to the presence of the second body, or the back reaction of the waves on the motion of the test body, which would in turn affect the emission process, will not have been included in such a calculation. The deformation of the geometry, parametrized by the symmetric mass ratio of the system η, is important only a few orbits before the two objects merge. This should be expected from the fact that in both Newtonian and Einsteinian gravity it has been possible to construct an effective one-body formalism to describe the dynamics of a binary, and the dynamics derived within this formalism is expected to be valid close to the point when the two bodies plunge towards each other. Therefore, we expect that the deformation of the system will not bring about a major change in the analytic behaviour of the flux and lessons learnt in the test mass approximation will be applicable, albeit qualitatively, in the comparable mass case.
Thus, our strategy is to employ the test mass exact flux computed numerically together with the analytic expression for the energy function discussed in the previous Section. These two exact functions, together with the energy balance equation, can be used to construct an exact phasing formula for the inspiral signal. We shall also define an approximate phasing formula using the corresponding post-Newtonian expansions of the two functions. Our approximations at each post-Newtonian order will be one of two types: (1) The standard post-Newtonian or (2) the improved Padé approximation. In the next Section we will discuss how these approximations can be further improved and in the last Section we will measure the quantitative performance of the two approximations.
Post-Newtonian flux function
For a test-particle in a circular equatorial orbit, the post-Newtonian expansion of the flux function has been calculated up to O (v 11 ) in the case of a Schwarzschild BH [28] , and to O(v 8 ) in the case of a Kerr BH [31, 32] . The general form of the flux function in both these cases is given by the expression
where the expansion is known to order n = 8 and 11, in the Kerr and Schwarzschild cases respectively, q is the dimensionless spin parameter introduced earlier and F N (x) is the dominant Newtonian flux function given by
Here, x is the magnitude of the invariant velocity parameter observed at infinity which is related to the angular frequency Ω by x = (MΩ) 1/3 . The relation between the parameter x and the local linear speed v in Boyer-Lindquist coordinates is given by
which reduces, in the Schwarzschild limit, to x = v. Note that this local linear velocity is related to the Boyer-Lindquist radial coordinate r by v 2 = M/r. The spin-dependent coefficients, a k (q), and the log-term coefficients, b k , are given by , where γ is Euler's number.
P-approximant of the flux function
We will now outline the method of calculation for the P-approximant of the GW flux as proposed by DIS [36] . We notice from the form of the series expansion for the flux, Equation (30), that we begin to encounter logarithmic terms at order x 6 and above. In general, series approximations of this form have slow convergence properties. In order to prepare the series representation of the flux for creating the Padé approximation, it is convenient if we factor out the logarithmic terms. We can then write Equation (30) as
where the new coefficients c k and l k are functions of the old coefficients a k and b k . As in Ref. [36] the log-terms have been "normalized" using the value of the velocity parameter at the LSO; this helps in reducing the importance of the log-terms. Factoring out the logarithmic terms aids in constructing the rational polynomial, or the Padé approximation, of the remainder. Moreover, since we expect the flux to have a pole at the location of the light ring, it is best to factor out the expected pole so that the remainder has good analytical properties. To this end we create the factored flux function, f Tn (x) by the operation
Factoring out the pole also helps to alleviate the problem arising from the absence of the linear term in the PN expansion of the flux. (Note that a 1 = 0 in both the Schwarzschild and Kerr cases.) In the absence of such a term, the continued fraction form of the Padé approximation, the so-called diagonal Padé approximant, would lead either to zero or infinite Padé coefficients. The above operation rectifies this problem by introducing a linear term into the Taylor series for the flux. If we write the expression in full we obtain
where f 0 = c 0 and f k = c k − c k−1 /x pole , k = 1, . . . , n.
We can now construct a new flux function by using the Padé approximant of the factored flux given above. Indeed, we can construct two variants of the new flux: the first one is what we call the Direct or D-Padé approximant, which is obtained by directly starting from the flux function f (v) in Equation (36) and constructing the equivalent rational polynomial. This is the approach followed in DIS. An alternative approach to this is motivated by the fact that in the gravitational wave phasing formula the flux appears in the denominator. Thus, instead of constructing the Padé approximant of the flux function, one could first construct the polynomial expansion of the inverse of the flux function and construct the Padé approximant of the resulting polynomial. We call the approximant constructed this way as Inverse-or I-Padé approximant because it is obtained from the Taylor expansion of the inverse of the flux function f (v) in Equation (36) . Thus, our two improved versions of the flux are defined as follows: The Direct Padé approximant is defined by
where P m m+ǫ is the diagonal or sub-diagonal Padé approximant, n = 2m + ǫ, with ǫ = 0 or 1, depending on whether n is even or odd. The Inverse Padé approximant of flux is defined by
where the coefficients d k in the Taylor expansion are defined by
One finds d k by first expanding the RHS in a binomial series and then identifying the coefficients of the various terms with those on the LHS. Having constructed the rational polynomials equivalent to a given truncated Taylor series of the modified flux function, we can return to the original flux function that appears in the phasing formula. We shall call the flux function so constructed as Papproximant, and is not just Padé approximant to remind ourselves that the new flux has been obtained by improving the convergence properties in two steps (i.e., definition of a new flux function and the construction of its rational polynomial) and not just a direct application of Padé approximation. Thus, we define the Direct P-approximant of flux as
and Inverse P-approximant as,
Detailed investigation shows that Inverse P-approximants of flux, namely F IPn , have better convergence properties than Direct P-approximants. We shall therefore use only F IPn in all our investigations in the rest of this paper.
The Cauchy convergence of T-and P-approximant templates.
In Section 2 we have seen that the phase of the GW depends on the evolution of the binary's binding energy and gravitational wave flux functions. As the energy is known exactly for a test-particle in circular orbit about a Kerr black hole it is important to compute the flux to sufficiently high accuracy so that we can match the phasing of the exact waves to a good precision. Investigations of the PN approximation have showed that while T-approximants have bad convergence properties for test mass particles in orbit about a Schwarzschild BH, P-approximants improved the convergence of the flux. Equipped with this information, we will proceed in examining how both templates perform in the case of a test mass orbiting a Kerr BH on a circular equatorial orbit.
Overlaps and the Cauchy convergence criterion.
We can employ the results of matched filtering, and its geometrical interpretation, to assess how well our approximant waveforms match the exact waveform. The geometrical theory of signal analysis [52, 53] can be summarized as follows: the set of all detector outputs, each lasting for a duration T, and sampled at a rate f s , and consisting of N = f s T samples, can be thought of as a linear vector space. Parametrized signals, such as a binary inspiral waveform that depends on the two masses of the component stars and their spins, are also vectors in the vector space of all detector outputs. However, the set of all waveforms do not form a vector space although they do form a manifold with the parameters serving as coordinators. The matched filtering technique, which is the most effective technique to capture signals of known phase evolution, can be used to define a metric on such a manifold. The metric and the associated scalar product allow us to compute the distance between any two signal vectors that are parametrized in the same way. The scalar product is the same as that introduced in Equation (21). If we have two different families of waveforms, for example T-and P-approximants, parametrized similarly, then each family lives on a distinct manifold. The distance between two vectors with exactly the same parameters but belonging to different families is, in general, not zero. Although the scalar product can be computed between any two vectors in the space, it is only in the case of two similarly parameterized signal vectors does the scalar product represent the distance between the vectors. This is because the coordinates, that is the parameters, don't have any meaning for vectors that don't live on the manifold. By calculating the scalar product between two normalized vectors, that is vectors whose scalar product with themselves is unity, we can see how well they match. For two normalized waveforms, or signal vectors, the scalar product returns the cosine of the angle between them and is normally referred to as the overlap, denoted by O. Given two waveforms h and g, not necessarily belonging to the same family of approximants, their overlap is defined as
where the inner-product between two real functions h(t) and g(t) is defined by Equation (21). It is this definition of the normalized overlap that we will use in our definition of the Cauchy convergence. We know that if a sequence {x n } converges, the terms get closer and closer to the limit of the sequence as the order of the approximation increases. The Cauchy Convergence Criterion states that if and only if for every ǫ > 0, there exists an integer N, such that for each pair of integers m ≥ N and n ≥ N, |x m − x n | < ǫ. The main difference between the Cauchy criterion and other convergence criteria, is that instead of demanding that the terms get closer to some limit, we demand that the terms get closer to each other. We therefore require that for our approximations to be Cauchy convergent, as we increase the order of PN approximation we have the condition h n |h n+1 → 1 as n → ∞,
where we assume we are dealing with normalized waveforms. If two waveforms are a perfect match then their overlap is unity. As the waveforms begin to differ, their overlap differs from unity and the value of the overlap is a measure of how similar the two waveforms are and how useful one waveform is in extracting the other waveform buried in noise. Now the GW from a binary is determined by a number of parameters: the two masses, spins, eccentricity and the orientation of the angular momentum at some initial time. These parameters essentially determine the dynamics of the system and are called intrinsic parameters [53, 54] . The observation of such a system introduces five other parameters: these are the instant t 0 of coalescence (or the time at which the orbital frequency reaches a certain value) and the phase φ 0 of the system at that instant, the angular position of the system in the sky, the distance of the binary (or, equivalently, the amplitude of gravitational waves at Earth) and the polarization angle (or, equivalently, the ratio of h + and h × ). These are called the extrinsic parameters [53, 54] and do not play any role in the dynamics of the system. For a signal that lasts only for a few minutes, as would be the case for systems expected to be observed in a ground-based interferometer, the direction and the polarization angle cannot be measured in a single interferometer and the distance is only an amplitude parameter. Thus the templates are only needed for parameters t 0 and φ 0 . In the case of circular equatorial orbits of a test mass around a central black hole, the wave is parameterized by the (t 0 , φ 0 , M, η, q).
In order to improve the detection probability, we would like to maximize over as many of the parameters as possible. However, in this case, the masses and spins of both templates are identical. We therefore only need to maximize over the parameters t 0 and φ 0 . Maximization over t 0 is achieved by simply computing the correlation of the template with the data in the frequency domain followed by the inverse Fourier transform. This yields the correlation of the signal with the data for all time-lags. However, one has to worry about circular correlation effects, and the consequent corruption of the correlation when the template gets split at the boundaries of the sample sets. These effects are easily handled by padding the template with sufficiently large number of zeroes before performing the Fourier transform.
It was pointed out [12, 55] that the maximum of the correlation C of data with a template over Φ 0 can be computed using just two templates -an in-phase and a quadrature-phase template. In other words, generate two orthonormalized templates with phase Φ 0 = 0 and Φ 0 = π/2. The maximized overlap is then given by
Here, h X denotes some normalized "exact" waveform. However, numerically, this procedure does not fully orthogonalize the two templates. For this reason we specifically orthonormalize the two waveforms. Using two un-normalized waveformsh 0 =h (Φ 0 = 0) andh π/2 =h (Φ 0 = π/2), we generate two orthonormalized waveforms according tõ
where |h| = h |h . Alternatively, one could define the quadrature-phase template usingH π/2 ≡ iH 0 , which is explicitly orthogonal to the in-phase template. The (square of the) maximum of the overlap over Φ 0 is given by the sum-of-squares of the correlation with the in-phase and quadrature-phase templates:
Thus, the correlation can be easily maximized over the unknown time-of-arrival and the constant phase of the templates. However, we can also maximize over all other parameters using a grid of templates. Our case is a little bit more complicated as we need to maximize over the phases of both templates individually, and then find the maximum overlap. To this end, we use the phase maximization procedure put forward by DIS. Assuming we have two templates A and B, we write the unnormalized basis waveforms as
We can then convert to an orthonormal basis by means of a Gram-Schmidt method, i.e.
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We also carry out the same operation for template B. The scalar product between the unit vectors on each plane can now be parameterized by cos θ AB = e A α e B β , where e A α = cos α e A 1 + sin α e A 2 and e B β = cos β e B 1 + sin β e B 2 . Now, let P B be the orthogonal projector onto the B-plane, and let
We now have that the scalar product e A α e B β = p α e B β . This is maximized over β when e B β || p α , which equals the norm of p α . To find the maximum over α, we then just need to maximize the norm of p α over α. We can write the square of the norm as
From here, DIS define the "Best Possible Overlap" when individually maximizing over the phases of two separate templates. This is defined by
When we calculate the Cauchy convergence, we will quote the best possible overlap in all cases. In this paper, as we are working in the test-mass approximation, we assume that our system is composed of objects with a small mass ratio. We have thus chosen the following five systems to analyse : (100, 1.4)M ⊙ , (50, 1.4)M ⊙ , (10, 1.4)M ⊙ , (100, 10)M ⊙ and (50, 10)M ⊙ . While our results are more reliable for the more extreme mass ratio cases, it is also in our interest to examine the behaviour of templates as we approach a quasi equal mass case. It was shown in reference [41] that singularities plague the sub-diagonal P-approximant at the x 7 order, i.e. P 3 4 , making this template completely useless. Such singularities do not exist at the same order for super-diagonal P-approximants, i.e. P 4 3 . Because of this, when we examine the Cauchy convergence involving the x 7 approximation we will use the super-diagonal P-approximant as our template. In this work we will use the EURO noise curve in our overlap calculations as it has the greatest sensitivity.
Cauchy convergence.
4.2.1. Black Hole -Neutron Star. In Figure 2 we have plotted the Cauchy convergence for T and P-approximants for the systems (100-1.4), (50-1.4) and (10-1.4) M ⊙ . In the high mass case we can see that the T-approximants have excellent convergence for the extreme retrograde spin at q = −0.95. Once we increase the spin value and move towards prograde orbits we can see that these templates do not display good convergence properties, with the extreme prograde case at q = 0.95 never giving an overlap of ≥ 0.2. As we move down the column on the left hand side of Figure 2 we can see that the Cauchy convergence gets progressively worse as we move towards the equal mass case. In all cases we find that the best convergence is achieved for retrograde orbits. This should not surprise us as these are slow motion systems. For example, a test mass orbiting a central BH of spin q = −0.95 will reach the LSO at ∼ 9M where x LSO ∼ 0.3. In contrast, for a central BH with spin q = 0.95, the LSO is reached at ∼ 2M with x LSO ∼ 0.7. Thus, the overlaps get expectedly worse as we increase spin and decrease the total mass of the system. In fact, in the case of a (10-1.4)M ⊙ system, we can see that besides a spin of q = −0.5, we obtain very bad convergence at all spin levels with the T-approximant templates.
In contrast, the P-approximant templates in the (100-1.4)M ⊙ case show excellent convergence properties. Again we can see that the convergence begins to tail off as we increase in spin. As we move down the cells on the right hand side of Figure 2 toward the equal mass case, we can see that the P-approximants have slow convergence at low orders of approximation, but approach unity as we move towards the x 8 approximation. This again is expected behaviour as we know that the P-approximants do not perform as well at lower orders of approximation. We can however see that even in the (10-1.4)M ⊙ case we achieve overlaps of ≥ 0.9 up to a spin of q = 0.5. We should remark here about the convergence properties of both templates for the extreme prograde case. Graphically, it looks like the P-approximants perform only marginally better than the T-approximants. However, we mentioned before that the flux function goes to zero for the T-approximants before the LSO is reached. Thus, these templates are shorter than they should be and never reach the truly relativistic regime of the waveform. The Papproximants on the other hand have been evolved to the LSO, so the convergence results are more reliable. We cannot have confidence in the results from the T-approximants in the extreme prograde case, because if we could evolve these templates to the LSO we would expect the convergence to be even slower. The P-approximants thus produce higher overlaps with a full template which point towards their superiority as templates.
Black
Hole -Black Hole. In Figure 3 we have plotted the convergence results for the systems (100-10) and (50-10)M ⊙ . If we again focus on the cells in the left hand column, we can see that we do not have the same pattern of performance for the Tapproximant templates. For the (100-10)M ⊙ case, we can see the T-approximants obtain the fastest convergence as we move towards the Schwarzschild case. Once we increase the spin of the central BH and move onto prograde orbits, we again see a drop-off in the convergence rate. In the (50-10)M ⊙ case we can see that the Cauchy convergence gets progressively worse as we move from retrograde to prograde motion. The best overlaps are again obtained from extreme retrograde orbits, while the worst are from the extreme prograde.
Once again, focusing on the cells in the right hand column, we can see that the P-approximants have better convergence properties. While in the retrograde case for the (100-10)M ⊙ the convergence is slower, we can see that for both systems the overlaps approach unity as we move to higher approximation. In most cases, while the convergence is slower at lower orders of approximation, it is still accelerated in comparison to the T-approximant templates. Again we can see that while displaying a faster convergence, the P-approximants at q = 0.95 still have a poor Cauchy convergence.
While it is obvious that the P-approximants are superior templates to search for waveforms up to a spin of q ∼ 0.5 (and possibly slightly higher), they may still not be the best templates to search for extreme prograde systems.
Conclusions
We have looked at the Cauchy convergence of both T and P-approximant templates in the test-mass approximation for Kerr binaries. We examined the BH-NS and BH-BH cases for both prograde and retrograde orbits using the third generation detector, EURO. In a previous work it was shown that P-approximant templates achieve higher fitting factors with lower biases in the estimation of parameters compared to the Tapproximants. In this study we have shown that in all examined cases with various spin values, the P-approximants have a faster Cauchy convergence than the T-approximant templates. We found that the T-approximants show good convergence for extreme mass-ratio retrograde motion. However in all cases there is a serious retardation in convergence as we move to Schwarzschild and prograde orbits. We also see a degradation in overlaps as we move towards the equal mass case. The P-approximants, while slow to converge at low orders of approximation, approach unity in all cases as we increase the approximation order. This is due to the known fact that the P-approximants perform better at higher orders of approximation. While convergence is slow in both cases for the extreme prograde case, we have more faith in the P-approximants due to the fact that we can evolve these templates to the LSO. This isn't possible with the T-approximants as the flux function goes to zero before the LSO is reached. In fact, these templates should not be used to search for systems with a spin of q ≥ 0.5.
This work reinforces the conclusion of an earlier work that P-approximant templates are more reliable than T-approximants. They give better fitting factors, have lower biases in the estimation of parameters, and as shown in this work, display an accelerated Cauchy convergence. Due to these results, these templates should be used in any dataanalysis strategy to detect gravitational waves from binary systems. . Figure 3 . The Cauchy convergence of the T and P-approximant BH-BH systems (100-10) and (50-10)M ⊙ for the spin values q = −0.95 (circle), q = −0.5 (square), q = 0 (diamond), q = 0.5 (triangle), q = 0.95 (upturned triangle). The T-approximants occupy the column on the left, while the corresponding P-approximants are on the right. All value shown are the Best-Possible-Overlaps between templates.
